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NONLINEAR WAVES IN A MAGNETIZED PLASMA — A DIFFERENT APPROACH
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An analysis of nonlinear waves in a low-frequency Ifwnagnetized plasma is per-
formed in a modified approach. Two different nonlinear equations are deduced, having
both solitary-wave-type and kink-type solutions. The solitary wave propagates obliquely
to a static magnetic field. It is observed that both the current and magnetic field show the
form of solitary and kink structure. Physical relevance of such nonlinear excitations is dis-
cussed.
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1. Introduction

A plasma is a medium which sustains various nonlinear phenomena, but each of them
is observable on a different scale. It was due to this fact that the reductive perturbation tech-
nique of Washimi and Taniuti [1] and Roy Chowdhury et al. [2] proved to be so successful.
The richness of the types of events can be attributed to the fact that plasma is a very non-
linear medium. On the other hand, without scaling the space and time, one can also scale
the frequency, i.e., each physical variable (density, pressure etc.) can be separated into
high- and low-frequency part and deduce the nonlinear equation. This was the approach
followed in Rao et al. [3], Sharma et al. [4] and Shukla [5]. In the present communication,
we wish to present an approach which does not rely on either of these methodologies, but
rests on the basic equations almost in an exact manner, of course, under some assumptions.
One of the main assumptions is that theomponent of the magnetic fieR} is constant
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inside the plasma. Under such an assumption, we can define two scalar poteautidis
(Kadomstev [6]) and subsequently deduce the nonlinear equations for them. The solutions
of these equations are then analysed and presented graphically.

2. Low3 plasma

We consider an electron-ion plasma placed in an external magnetic field. Furthermore,
we assume that the usual hydrodynamic description is valid. Of course, our main concern
is the region of low frequency (that is characteristic frequencies much lower than the ion
cyclotron frequency) events along with low valuefofHere,3 represents the ratio of the
plasma pressure to the magnetic field pressure. It is given by

B = 2uoKe(Ti + Te)no/B3

The symbols we usevme, M, Te, Ti, o, Kg andng are, respectively, the electron mass, ion
mass, electron temperature, ion temperature, vacuum permeability, Boltzmann constant
and equillibrium value of electron and ion densityandn;. Furthermore, we assume that

ions are coldTi = 0) and there is a constant background magnetic field iz-thieection,

B = 2By. The collision-free equations describing the plasma are then written as:

0= —ens(E +Ve x B) — O(neKpTe), (1)
ov, . oo
mn; E_{_(vi.m)vi =en(E+V, x B), (2)
on
6_te = —0-(neVe), (3)
on;
a—t|:—|:|~(nivi), (4)
. 0B
OxE=-, (5)
. - 10E
DXB—HO‘J-F?—,[, (6)
0-B=0, (7)
L e
0-E=—(ni—ne) (8)
€0
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The current density is defined to be equal toe(njV; — neve) and the magnetic field
B is the sum of wave magnetic field aBg. Another important assumption is that there is
no variation with respect to thecoordinate.

For low frequency phenomend,/g)dg/ot << wi, whereg is any quantity ando =
eBy/m. Itis due to this fact that the displacement current can be neglected, and from the
beginning, we have neglected electron inertia [7]. We now introqmmjﬁ\ by

B=0OxA and E:—%—?—D(p. (9)

Because of the lovfassumption, we shall seek the configuration for wigis constant
inside the plasma [8]. From Eq. (9), we get

Ay - BOXa Ey - 0 and BX - O.

On the other hand, for the constant magnetic field configuration, we can always choose
Ay = 0 as the gauge condition. These conditions show that we can defiize

W= o+ / e (10)
so that one getS at once
) o0y
Ex=-5) E=-o. (1)

From they-component of Eqg. (1), we getx = 0 and thez-component of the same
equation yields

e
KBTe). (12)

Ne = Nep €XP(

It is important to note that, since we are considering low-frequencyefilfype excitation,

the ion velocities in the transverse direction will be governed by the polarization drift and
E x B drift. On the other hand, these can also be obtained by solving the linearized version
of Eq. (2), which yields

1 O0E

Vix

This is quite consistent with the fact that in a I@plasma, the ion motion is primarily in
the perpendicular direction. From Eq. (4) and using Eq. (13), we can derive

(14)

on 1 n-aZEX+%%
at Bouxi \ Otdx = ot ax )’
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but the Laplace equation leads to

n = neoexp<%_re> - 8—; (‘;27(2“ %ﬁ) - (15)
Substituting (15) in (14), we get
EE?ETZ exp(%) Y — s_(: (Poct + Wzzr)
~ oo | {roexp (i)~ %2 (et i (16
+0a {%m{%) W — %0 (Pooc+ wxzz)}] ;

which is the first nonlinear equation fgrandy. To derive the other equation, we observe
that thex-component of expression in (6) yields

0
a—iy = —€e}Vix, (17)

and they-component of expression in (9) gives

0B, Y 0%
W—‘<Waz‘ﬁaz>- (18)

Eliminating using these two equations and using the expressiog fore get

e [ 0% [ eno ey g [ %@ 0y
Bowci[ oot {KBTe eXp<KBTe> W <ax26t+6226t (19

e \ g (0% 0% Po\1_
+{ne°eXp<KBTe> e (azx+ 0%z a2 ) | = Wt Poe

Equations (16) and (19) are the two coupled nonlinear partial differential equatiogs for
andy.

3. Dispersion relation

To get an idea of the nature of the wave sustained by the above coupled equations for
@andy, we linearize (16) and (19). The linearized forms of these equations are

o

ot n
Koo Wit — EO (Pt + Wizz) = ;.O(Plxxt, (20

Boi
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€lbNeo
Bowdi

Qixzz— P1zzx= Prxxt- (21)

If we now assume a propagating wave in {Rez) plane to be of the form
LIJl — Alei(kxX+kzZ—uI)
o = Azei(kxerkszoI)

then substituting in (20) and (21), we get the required dispersion relation

B R ([ et 1/(VD)
W =Vike {“k? (ewl/(k%vfi uﬁv,@)}' (22

In Eq. (22),(poVA2)_1 >> go(~ 1), hence this equation leads to

K2 1/(WVR) C2
o’ ~ V2K2 {1+47A] =V2k2 <1+ —Sk2>,
ATz k2 1/(K2Y2 HoV2) ATz W2 X

ci
which is the usual dispersion relation for the linear kinetic Aliwvaves. It includes the
effect of finite gyroradius giving rise to the dispersion which competes with dispersion
to generate the solitary wave. In these equatigns= Cs/wi = ion gyroradiusCs =

ion sound speeé /KgTe/m andVa = /Bo/(Honeom;). This dispersion relation can be
written also in the following form

kZ:i\/—(l—wzyfi)i(1—w2yfi)2+4w2yfi(coseée+cot2(6/v,§) (23

2y, co6(1+V2se) ’

where ta®) = k,/ky.

4. Solution of the nonlinear wave equation

Instead of considering the linearised form of the coupled system (16) and (19), let us
now consider their full nonlinear version. We consider an arbitrary wave form

o= f(Ax+o0z—wt) = f(T), (24)
¥ = g(Ax+0z—wt) = 9g(§)

as a solution of Egs. (16) and (19). This set is converted into the following nonlinear
ordinary differential equations

AZfH
(- m) [e0 (A1 + 0%) — enoe™] =0, (25)
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enoVZo?

£ [50 ()\Zf” +ng”) _ eneoeag] — - ( "

- "), (26)

wherea = e/(KgTe).

4.1. Case |

To proceed with the solution, we assume—N2?f"/(enopoVZ)#0, so that
g’ = f”, whence
" €N ag

T R(Aita?)’ 27)

which is nothing but the Liouville’s equation. One can at once write down two solutions

2 2
0= % llog{ad@zgg 0 seé (azd(i+e’)> H ; (28)

g = é llog(46)  log{sech(5+ a&/2)}] (29)

whered = eny/(2e0a(A\? + 02)), & and€ are arbitrary constants.

4.2. Case ll
If 1 —A2f"/(enopoVZ) = 0, then it turns out that
enwoloVy2
f:%uoaw (30)

and

g:azsinhlzx/\/g_?ﬂog (a%)l _%a’ (31)

whereaZ = (2/b)(c— 4a?/b?), b = enoa,

engV2o?
a=eny— <HEOTA + eoensoroK> :

, engV2o?
01 = £00° — —A
Qfw?
enwopoV2
A=
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We next consider the current density inside the plasma which can be computed from
J = e(niVi — nee). (32

Here we obtain the following expressions for the components of the current density in the
Case | and Case II:

Case l.
k=0 if g=f=g, (339)
80\, 2enyg 2 ag P
%= Zaws * 70 |\saperon ) TSeM@H )| T 0=T=g (3%)
3= — L0y {1—}secl‘°f(6+a—é)] if  g=f=0. (33d)
o 2 2
Caselll.
W bo? 2a
JX_X {erbo(l+GL|J)—Eo{2D1+2ﬁ‘l<L|J+F> H: (34a)

Jz:—%” [(1—?) <w+%a> +%{a‘2‘+2<¢+2—;‘>2}] . (3%)

Here,D; = Q1A?/2.
We can also calculate the magnetic field inside the plasma, which is actually one of the
most important experimentally observed quantities. For Case | and Case II, we have

Case l.

B 20\ ad enyo avd
By__rov,f\/a (7_50()\2+02)>tan( > (E+e()>

2+sel (a‘/a E+e’)>

x —
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_ Ao [ enod  eo(A*+0%)
By =~ VZ |200(A2107)  6eneo tanh(3+ a&/2) {2+ seck(5+ag/2)}
for g="f=0o. (35h)
Case Il.
A b
axd 2\2 -1 2800'2 A2 1/2
+7{1_ <2_Souow2> }{engooz <1_80p0(,02>}
e (=)
log{ — |- 36
Xeo l\/sod2 )\2/ 30“0002)) 109 a l (36)

5. Discussion

We now proceed to analyse the nature of the solutiprad ¢ and that of cur-
rent and magnetic fields whose analytic expressions have been obtained above.
Fig. 1, we show the variation of ef@y) versusg for the casep = ), whereas

352 120
® =Y case
348 100}
3.44f 80}
p ]
< 3400 S 60}
~ *
> 8
s
o 336 40}
8
332} 20}
3.28 L 1 L 1 L 1 L 1 L 1 L 1 L 1 L 0.0
-8 -6 -4 -2 0 2 4 6 8

Fig. 1. The variation ofexplay) with § when @ =
g0sed((a/2)VA(E+€))}/(2ne0] = u.

Fig. 2 (right). Variation ofp with &, for the@+\y case.

200

= (1/a)[log{ad(A\? + o?)
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Fig. 2 depicts that ofp versus§ in the situationg£y. Both of these show and inverted
solitonic profile whereag for the later case is shown in Fig. 3 which clearly exhibits a
kink profile. One may note the similarity with a shock-like structure [7].
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Fig. 3. Variation ofp with €, wheng+£.

Fig. 4 (right). Variation of the plasma current densitl)(with & when@ = =
(1/a) [log{2eno/ (00 (A? +0?)} — 2logseclid + a&/2)] = ga.
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Fig. 5. Variation of the magnetic fiel@() with & wheng= ) = g.
Fig. 6 (right). Variation of the magnetic fiel@y) with & whenp= ) = 0.

So, here is an interesting physical situation, where we have both the solitonic and kink-
type excitation simultaneously. Lastly, second solution ofghe { case is exhibited in
Fig. 4. To understand the situation better, we have calculated the induced magnefig field
and the current componedtwhich we show in Figs. 5 to 9. While Fig 5. clearly depicts a
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kink-type structure for the componesy for the first case op = . Fig. 6 shows a slightly
different behaviour for the second case. On the other hand, in the sitgstipnthe By
component shows a saturation type tendency &ithmong the Figs. 8 and 9 only Fig. 8
shows a solitonic behaviour for the current compordenthe situation for the other case
is shown in the accompanying Fig. 9, which shows a quite different trend.
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Fig. 7. Variation of the magnetic fiel@®() with & wheng#y.

Fig. 8 (right). Variation of the current density] with & when@ = = g;.
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Fig. 9. Variation of the current density,§ with & whenp= { = gs.

The situation discussed above is interesting due to the fact that these excitations give
rise to a D.C. current in the plasma in the steady state. Both the longitudinal and transverse
components of the current exist and exhibit a behaviour similar to a nonlinear wave except
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for a particular situation. Actually, by a D.C. current we mean a time averaged current. In
this connection, it may be mentioned that the possibility of producing a D.C. current by
using a wave has been extensively considered in the last few years [8,9]. The motivation
was that if such steady current can be generated in a tokamak [10], then it can be operated
continuously. Lastly, we may add a few comments about the idea of D.C. current. From
the basic law connectingy andBy, we can define

Jz:/szn,

whencel, = 2k:By(y — «). J; is proportional to the total longitudinal current in a slab of
unit width iny-direction. It is actually proportional to the total charge that passes through
unit area in unit time. In general, the average of any wave-like quantity is zero, but if
we think that we have a train of well separated solitons each following the other but not
interacting, then it is possible to have a non-zero value. That is why we term sijch a
currentas a D.C. one.
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NELINEARNI VALOVI U MAGNETIZIRANOJ PLAZMI — NOV PRISTUP

NaCinili smo analizu nelinearnih valova u niskofrekventnoj magnetiziranoj plazmi niskog
B u izmijenjenom pristupu. lzveli smo dvije raeii€ nelinearne jednathé. Obje imaju
solitonsko i skokovito rjigénje. Solitonski se vairi koso u odnosu na smjer stekbg
magnetskog polja. Oga’se da i struja i magnetsko polje pokazuju solitonsku i skokovitu
strukturu. Raspravlja se fiZko znaenje tih nelinearnih uzbuda.
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